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Abstract-The process of adaptive bone remodeling can be described mathematically and simulated in 
a computer model, integrated with the finite element method. In the model discussed here, cortical and 
trabecular bone are described as continuous materials with variable density. The remodeling rule applied to 
simulate the remodeling process in each element individually is, in fact, an objective function for an 
optimization process, relative to the external oad. Its purpose is to obtain a constant, preset value for the 
strain energy per unit bone mass, by adapting the density. If an element in the structure cannot achieve that, 
it either turns to its maximal density (cortical bone) or resorbs completely. 
It is found that the solution obtained in generally a discontinuous patchwork. For a two-dimensional 
proximal femur model this patchwork shows a good resemblance with the density distribution of a real 
proximal femur. 
It is shown that the discontinuous end configuration is dictated by the nature of the differential equations 
describing the remodeling process. This process can be considered as a nonlinear dynamical system with 
many degrees of freedom, which behaves divergent relative to the objective, leading to many possible 
solutions. The precise solution is dependent on the parameters in the remodeling rule, the load and the 
initial conditions. The feedback mechanism in the process is self-enhancing; denser bone attracts more 
strain energy, whereby the bone becomes even more dense. It is suggested that this positive feedback of the 
attractor state (the strain energy field) creates order in the end configuration. In addition, the process 
ensures that the discontinuous end configuration is a structure with a relatively low mass, perhaps 
a minimal-mass tructure, although this is no explicit objective in the optimization process. 
It is hypothesized that trabecular bone is a chaotically ordered structure which can be considered as 
a fractal with characteristics of optimal mechanical resistance and minimal mass, of which the actual 
morphology depends on the local (internal) loading characteristics, the sensor-cell density and the degree of 
mineralization. 
INTRODUCTION 
It is assumed that the morphology of bone relates to 
its internal mechanical oads. The process which regu- 
lates this relationship is called bone modeling or re- 
modeling. It is believed that bone has the ability to 
adapt itself to the loading conditions to which it is 
exposed. This implies that bone must have internal 
sensors, to measure the internal load, and transducers 
releasing signals and activating cells, to resorb or form 
bone. The change of net bone mass can be accomp- 
lished by a modification of either density or geometry. 
Several attempts to quantify the bone-remodeling 
process have been reported in the literature. Follow- 
ing the qualitative observations of Wolff (1892), sev- 
eral investigators tried to describe the process math- 
ematically, in order to accurately predict bone forma- 
tion or resorption (Frost, 1964a,b; Pauwels, 1965; 
Kummer, 1972; Cowin and Hegedus, 1976; Frost, 
1987). For qualitative predictions it is necessary that 
the internal mechanical oad in the bone structure can 
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be determined accurately in terms of stresses and 
strains, for which the finite element method (FEM) is 
an effective tool (Huiskes and Chao, 1983). By com- 
bining mathematical bone-remodeling descriptions 
with finite element models, quantitative predictions 
about bone formation and resorption in realistic bone 
structures can be made (Hart et al., 1984; Fyhrie and 
Carter, 1986; Huiskes et al., 1987, 1989a,b, 1991; 
Carter et al., 1989; Weinans et al., 1989, 1990; Beaupre 
et al. 1990b). These models are all based on the prin- 
ciple that bone remodeling is induced by a local mech- 
anical signal which activates the regulating cells (os- 
teoblasts and osteoclasts). Hence. it is assumed that 
the bone has sensors, which can detect a mechanical 
stimulus and, depending on the magnitude of this 
stimulus, cause local bone adaptations. This process 
can be described with a generic mathematical expres- 
sion, using the apparent density as the characteriz- 
ation of the internal morphology. The rate of change 
of the apparent density of the bone at a particular 
location dp/dt, with p = p(x, y, z), can be described as 
an objective function F, which depends on a particu- 
lar stimulus at location (x, y, z). It is assumed that this 
stimulus is directly related to the local mechanical 
load in the bone and can be determined from the local 
stress tensor a=a(x, y, z), the local strain tensor 
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e = E(X, y, z), and the apparent density p = p(x, y, z): 
dp ~=m, 8, PI, O<pGpctJ, 
where pFb is the maximal density of cortical bone. 
When the objective function F reaches zero, the sys- 
tem is in equilibrium and the net bone-density rate of 
change is zero. 
Such a generic relationship can be specified to 
dp 
~=w-k), O<p<pclt, 
where B is a constant, S = S(x, y, z) is the mechanical 
stimulus and k= k(x, y, z) is a constant. When com- 
bined with a FEM, S is usually expressed per element. 
In that case it is, in fact, assumed that there is precisely 
one sensor point per element. Equation (2) signifies 
that the stimulus strives to become equal to the refer- 
ence oalue k, which can either be site-specific 
[k = k(x, y, z)] or non-site-specific (k = constant). 
Cowin and Hegedus (1976) proposed a relationship 
in which the adaptation of the elastic modulus of the 
bone was coupled directly to deviations of the strain 
tensor. Hence, the individual components of the ac- 
tual strain tensor were considered as stimuli, and 
a difference between the actual strain values and refer- 
ence values at the same location would cause adapta- 
tions in moduli. Huiskes et al. (1987) used a similar 
approach but, instead of the strain tensor, the strain 
energy density (SED) was considered as the stimulus. 
A difference between the actual SED and a reference 
SED at the same location would then be the driving 
force for adaptation of the apparent density. Hence, in 
equation (2), S=S(x, y, z) would be the actual SED 
and k= k(x, y, z), the reference SED. Both these the- 
ories are ‘site-specific’ because the reference state of 
the stimulus depends on location. This implicates that 
the normal stimulus distribution k = k(x, y, z) must be 
known or be determined from a normal equilibrium 
density distribution, in order to predict the bone ad- 
aptation process to an abnormal situation, e.g. after 
a change in loading, geometry or placement of an 
implant. 
The original hypotheses of Wolff (1892), however, 
have much stronger implications than just the notion 
that bone would remodel to deviations in its normal 
stress environment. Based on the ideas of Roux (1881), 
Wolff assumed bone to be a material with self-opti- 
mizing capabilities and able to control its mass and 
structure in direct relationship to its mechanical de- 
mands. Fyhrie and Carter (1986) proposed a theory, 
suitable, in principle, to describe such a self-optimiz- 
ing process mathematically. They postulated that 
bone would adopt its apparent density (or porosity) 
locally for any loading environment, in order to nor- 
malize a predestined ‘effective stress’ value. This 
‘bone-maintenance theory’ (Carter et al., 1989) was 
later specified to a particular form in which the strain 
energy density (SED) in the trabeculae was sub- 
stituted in the ‘effective stress’ criterion (Fyhrie and 
Carter, 1990). This SED value in the trabeculae was 
approximated by U/p, where U is the apparent SED 
in the bone when it is assumed continuous and p is the 
apparent density. Hence, U/p represents the strain 
energy per unit of bone mass. In their theory of 
self-optimization or bone maintenance, they also took 
account of variable loading, defining the stimulus 
from a loading history in terms of a SED magnitude 
calculated from each of the individual loading config- 
urations Fi and the total number n of these loading 
configurations considered. Hence, 
1” l_J. - 
X( ) 
L = constant 
ni=l P 
is the goal of the remodeling process, whereby 
Ui= Ui(X, y, z) is apparent SED for loading case i. 
Here again, it must be mentioned that this goal is only 
valid for O<pGpcb 
Such a remodeling objective can also be incorpor- 
ated in a time-dependent remodeling rule such as 
equations (1) and (2) (Weinans et al., 1988; Huiskes et 
al., 1989a,b; BeauprC et al., 1990a): 
O<PGPCb, (3) 
where p =p(x, y, z) is the apparent density, B and 
k are constants, and 
Relative to the more conservative site-specific ap- 
proach, this formulation has much stronger conse- 
quences because it is suitable to predict bone density 
for any geometric or loading configuration, in accord- 
ance with Wolff’s law. The role of the ‘evolution’ is 
represented by the value of only one constant, k, 
which is non-site-specific. This process is considered 
to be converged when dpldt is zero according to equa- 
tion (3) or when the density has reached its minimal or 
maximal value (completely resorbed or p = pcb). Bone- 
density distributions of the proximal femur predicted 
with this remodeling rule in combination with FEM 
models turned out to be more or less realistic (Carter 
et al., 1989; Huiskes et al., 1987, 1989a,b; Weinans 
et al., 1989, 1990; Beauprt et al., 1990b). 
The purpose of the present study was to obtain 
a better understanding of the behavior of the strain- 
adaptive bone-remodeling simulation rule repres- 
ented by equation (3) in combination with FEM 
models. In particular, the stability and convergence 
behavior of the remodeling rule were investigated in 
relation to the characteristics of the FE mesh. It is 
important to realize that the remodeling rule of equa- 
tion (3) is usually applied per element. Hence, mesh 
refinement automatically implies an increase in sensor 
(cell) density. 
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METHOD 
In this paper we assume the non-site specific formu- 
lation of adaptive bone remodeling as specified in 
equation (3). The stimulus S( = U,/p) is, as a rule, 
measured per element, indicating one sensor per ele- 
ment, and the apparent density is also adapted per 
element. 
Three different structures were considered to study 
the simulation process: (i) a proximal femur; (ii) 
a square plate; and (iii) a two-unit model with two 
sensors only. 
For the finite element procedure the MARC finite 
element code is used (Marc Analysis Research Cor- 
poration, Palo Alto. CA). The remodeling formula- 
tion and the FEM code are integrated as shown in 
Fig. I. 
The proximal jbmur model 
A two-dimensional finite element model of a prox- 
imal femur was constructed as shown in Fig. 2. A side- 
plate connects the periosteal sides of the medial and 
lateral cortices in order to account for the three- 
dimensional structural integrity of the bone (Huiskes, 
1980; Verdonschot and Huiskes, 1990). The remodel- 
ing rule was applied to the front-plate only. The 
Young’s modulus of the side-plate remains unchanged 
at 17,000 MPa. The Poisson’s ratio for both the front 
and the side-plate was taken as 0.3. As proposed by 
Carter et ~11. (1989), three loading cases were used 
(Fig. 2); hence. L’, in equation (3) is determined from 
these three loading cases. The reference value k is 
taken as O.(X)4 [M Pa (g cm 3)m ’ = J g- ‘1, since experi- 
ence with this model showed that this value leads to 
a realistic end configuration (Weinans et al., 1989; 
Huiskes et al., 1989b). 
The relation between density and Young’s modulus 
was taken from Carter and Hayes (1977) as 
E = 3790~~. The minimal density was 0.01 gcmM3, 
representing complete resorption of an element. The 
maximal density (pcb) was taken as 1.74 gcmm3, which 
corresponds to a Young’s modulus of almost 
20.000 MPa. 
Each element (sensor or sample point) has, in prin- 
ciple, three possibilities to converge and, hence, reach 
the remodeling equilibrium: (1) the bone is com- 
pletely resorbed (p =O.Ol gem- 3); (2) the bone be- 
comes cortical (p = pcb = 1.74 g cm 3); or (3) the bone 
remains cancellous with an apparent density satisfy- 
ing equation (3) and, hence, U,,/p= k (with 
I, = 0.004 J g- ’ ). In all simulation analysis the process 
starts with a uniform density distribution of 
0.8 g cme3. Equation (3), including its boundary 
values for the maximal and minimal density, is solved 
with forward Euler integration using constant time 
steps; hence, Ap = BAt(U,/p - k), with At = 30.0 in ar- 
bitrary time units and B= 1.0 (g cme3)’ (MPa x time 
unit) ‘. The time step was varied to guarantee that it 
was small enough not to affect the end result in 
a signiticant way (Weinans et al., 1989). 
load 
-elastic modulus- density 
1 
stress 
strain 
: mechanical 
stimulus 
--I 
objective 
Fig. 1. The iterative feedback mechanism of a FEM-integ- 
rated computer simulation model of mechanically induced 
bone remodeling. 
\Ll 
Fig. 2. Finite element model of proximal femur with side- 
plate. The side-plate (left) is connected to the front-plate 
(right) at the medial and lateral side (marked with thick 
nodes). The front-plate has a uniform thickness of 12 mm 
and the side-plate a nonuniform thickness, decreasing from 
4 mm at the distal end to 0.4 mm at the proximal end. All 
elements are isoparametric with four nodes and a linear 
displacement field. L 1. L2 and L3 refer to loading cases i = 1. 
2 and 3. 
The plate model 
A simple two-dimensional FEM model of a square 
plate was constructed (Fig. 3). Mesh refinement was 
varied as indicated in the figure. Equation (3) was 
again used to control the remodeling process. The 
relation between Young’s modulus E and the appar- 
ent density was taken as 
E=cp’, (4) 
with y=2, c= 100 (MPa)(g cm-3)-2 and a Poisson’s 
ratio of 0.3. The constants in equation (3) were 
taken as B=1.0(gcm-3)2 (MPax time unit)-’ and 
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k = 0.25 (J g- ‘). The time step in the Euler integration 
was taken as 1.0 arbitrary time units, and again it was 
checked whether this time step was small enough not 
to influence the solution process in a significant way. 
The parameters and load (Fig. 3) are chosen such that 
a representative xample of a density distribution is 
obtained. 
First, the effect of element type was investigated. 
For that purpose an eight-node element with a quad- 
ratic displacement field was tested against a four-node 
element with a bilinear displacement field. Next, the 
pure effects of element density (without the effects of 
sensor density) were investigated. New subdivisions of 
four or 16 elements within the elements of the 5 x 5 
mesh were made (Fig. 3). These four or 16 elements 
were remodeled as a group (one sensor only) at the 
level of the 5 x 5 element mesh. Hence, in one sensor 
(with the location according to the 5 x 5 mesh) the 
SED is determined by taking the average from the 
group of four or 16 elements. 
Finally, the combined effects of mesh refinement 
and the corresponding sensor density refinement were 
studied by increasing the number of elements in the 
model from 5 x 5 to 10 x lo,20 x 20 and 40 x 40, each 
time with a sensor in each element. 
The two-unit model 
The two-unit model (Fig. 4) is developed to study 
the stability of the remodeling simulation process 
analytically, using closed-form solutions. Each unit 
(or element) is loaded by a compressive force, P, and 
P1, respectively (Fig. 4), in such a way that the total 
force P=PI +Pz and the strains in the elements are 
equal, i.e. &I = s1 = E. The remodeling rule [equation 
(3)] is applied for each element separately; hence, each 
unit is assumed to have one sensor. Equation (4) is 
applied to relate density to elastic modules. The de- 
rivation of the analytical solution is given in the 
10 N/mm2 
Fig. 3. Plate of 100 x 100 mm with 5 x 5 elements (linear, 
with four nodes). To study the effects of element density, 
subdivisions of 4 or 16 elements within the 5 x 5 mesh were 
made. Mesh refinement and the corresponding sensor 
density refinement up to 40x40 elements was also carried 
out. 
appendix. Apart from a stimulus S= U/p, other pos- 
sible kinds of stimuli are investigated as well. 
Convergence 
The convergence behavior of all three models was 
investigated. For this purpose, the objective function 
0 is defined, for all three models, as 
9 (5) 
where m is the number of elements and Uj is again the 
average SED for all loading cases considered in ele- 
ment i. The value of 0 is calculated after each iter- 
ation and indicates the extent to which the objective 
(U,/p = k) is reached in the whole structure. It must be 
noted again that in those elements in which the bone 
resorbs completely (p =O.Ol) or in which cortical bone 
is obtained (p =peb), the remodeling process stops; 
hence, the remodeling objective U./p = k will not be 
met. 
In addition, the total mass (M) of the structure is 
calculated after every iterative time step, from 
M= f (V’p’), (6) 
i=l 
where I/’ and pi are the volume and density, respect- 
ively, of element i, and m is the number of elements in 
the structure. 
/ 
RESULTS 
Femur model 
The results of the remodeling simulation of the 
femur model are presented in Fig. 5(a). The process 
was continued until virtually no more density changes 
occurred. Hence, dp/dt was zero in virtually all ele- 
ments. The end configuration predicts a reasonably 
accurate density distribution, with an intramedullary 
canal, Ward’s triangle and the typical cancellous 
density patterns in the femoral head [compare with 
Fig. 5(b)]. 
P 1 
Fig4. Example problem with two units. The total load is 
divided over the two units such that the deformation in each 
unit is the same (P = P, + P2 and e1 = s2 = E). A is the cross- 
sectional area in the units. 
The behavior of bone-remodeling models 1429 
1.32 
1.65 
p in g/cm3 
a 
b 
Fig. 5. (a) Density distribution from a remodeling simulation of a femur. starting from a uniform density 
distribution of 0.8 gcmm3 and a reference stimulus value of k=0.004 J g- I. In the circle the density 
distribution is shown as it is found by the model without interpolation. (b) Morphology of a real femur. 
A more detailed examination of the density pat- 
terns in the end configurations shows, however, that 
there are many empty elements in the seemingly con- 
tinuous distribution, as shown in the enlargement of 
a region of Fig. 5(a) showing the real element density 
values without interpolation. It appears that most of 
the elements converge to the boundaries of the solu- 
tion space and, hence, either to dense cortical bone 
(pcb) or to the minimal density of p=O.Ol, represent- 
ing complete resorption. The postprocessor of the 
FEM code, however, interpolates these values in such 
a way that a continuous distribution results. In the 
postprocessing program, first the nodal-point density 
values per element are calculated by extrapolating 
from the integration-point values, which are then 
averaged over the connecting elements. Then the den- 
sity values over the whole mesh are interpolated from 
the nodal-point values. Hence, a discontinuous solu- 
tion is presented as continuous after postprocessing. 
This is a typical procedure for any FE code (compare 
Carter et al., 1989; Beauprk et al., 1990b). These dis- 
EM 25:12-E 
continuities will be further discussed below in relation 
to the other models. 
It is found that the size of the time step is of minor 
influence to the predicted end configuration, as long 
as it is sufficiently small. This aspect will be discussed 
later in more detail. 
The development of the objective function 0 over 
time is shown in Fig. 6, as integrated over all elements, 
and as integrated over the cancellous elements only, for 
which 0.01~ p < pcb. The former does not converge to 
zero, because of the elements which converge to the 
boundary density values, but the latter does. This 
indicates that indeed the process has fully converged. 
The two-unit model 
The remodeling behavior of the two-unit model is 
governed by a set of differential equations: 
dp, -=B(S1-k) and dp2 
dt 
dt=B(S,-k), (7) 
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where S1 = U,/pl and S= U2/p2. The SED, U, and 
UZ, depend only on the forces, PI and Pz, and on the 
apparent densities, pi and p2, respectively. Since 
P=P1 +Pz =constant, and s1 =Q=E, the forces PI 
and P2 can also be expressed as functions of pi and 
pZ. Hence, the remodeling rates dp,/dt and dpJdt in 
equation (7) can be expressed as nonlinear functions 
of p1 and pz exclusively (see Appendix). 
The behavior of the system is governed by a set of 
nonlinear differential equations, typical for nonlinear 
dynamical systems, with stable and unstable solu- 
tions. It appears (see Appendix) that the stability of 
the solution depends on the value of the exponent 
y from the relationship E = cpy [equation (4)]. Only if 
1 - y* > 0 (hence, 1 y I< l.O), we may obtain a stable 
uniform solution for which p1 =pz (a ‘continuous’ 
solution). When y> 1.0, which is the case for cancel- 
lous bone; a stable uniform (or ‘continuous’) solution 
does not exist. The outcome for y = 1.0 is uncertain. 
Figure 7(a) shows the phase plot for the solution of 
the differential equations (7) when y> 1.0. Evidently, 
&lO-2 
1.2 
1.0 
0.8 
0.6 
0.4 
0.2 
0.0 
0 20 40 60 80 
time (increments) 
Fig. 6. The objective function 0 [equation (5)] during the 
remodeling process of the normal femur (Fig. 5). Line 1 in- 
dicates 8 as integrated over all elements and line 2 as 
integrated only over the cancellous bone elements with 
O<P<P,,. 
P: 
1 
a 
1 
the solution pl = pz = pe represents an instable saddle 
point. It may be approached closely during an iter- 
ative process, depending upon the starting configura- 
tion, but continuing iteration will finally bring the 
process to either of the stable solutions p1 =0, 
pz = pm, or p1 = pm, p2 = 0. This is also illustrated in 
Fig. 7(b), where the course in time of p1 and pz are 
shown. Starting from an almost uniform solution, the 
process first drifts towards the uniform unstable solu- 
tion, ps. Close to pe, however, it diverges until one 
unit is empty and the other one bears all the load. The 
final density of this load-bearing unit, pm, can be 
derived from p = Ufk, with U corresponding to equa- 
tion (13) (see Appendix). If the density of one element 
is zero, the other becomes 
P2 L-1 
MY+ 1) 
Pm= 2A’ck 
=pe(4)1/(Y+ 1). (8) 
Hence, the total mass of the nonuniform solution 
(p, for one unit and the other unit completely resor- 
bed) is a factor i(4)‘i(Y+1) of the uniform unstable 
solution (p, for both units). With y = 2, this factor is 
0.79, indicating that the nonuniform solution contains 
only 79% of the total bone mass of the uniform 
solution. 
Three alternatives for the remodeling stimulus 
S were tested for their stability behavior: (a) based on 
SED, S= U”p”; (b) based on the stress, S=a”p”; 
(c) based on the strain, S = c”pm. If these stimuli expres- 
sions are applied in equation (7), instead of U/p, the 
stability conditions for the uniform solution can again 
be calculated, following the method presented in the 
appendix. 
Figure 8 shows the conditions for m, n and y Hhich 
provide a stable uniform (‘continuous’) solution (grey 
areas). In all cases m<O is required. When this is the 
case, the stress stimulus always provides a stable uni- 
form solution when n <0, whereas the strain stimulus 
does so for n > 0, in both cases regardless of the value 
of y. When m<O, the SED stimulus only provides 
Pl 
Pz 
t 
b 
\ - 
2 IJ1 PI 
1 Pl’P2 pa 
2 
P 
0 Pe Pm -Pz -time 
Fig 7. (a) Phase plot of the two-unit model with y=2.0. The uniform solution, p1 =p2=pc, is a saddle 
point. (b) The development of the density in two units during the process is shown. Line 1 indicates the 
convergence to the uniform solution (only in case the starting configuration is exactly at p1 = p2) and lines 2 
indicate the process from a nonuniform starting configuration. 
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stimulus C matrix stability 
(equation (13)) conditions 
m -ny 
U” m P 
-ny m 
stability area 
in n-m plane 
me0 
m2-n2~2>0 
m+ %ny -%ny m+%ny<O 
- %n 7 m+%ny m2+mnr>0 
m-%ny -%ny m-%ny<O 
-%n-y m-%ny m2-mny >O 
Fig. 8. The stability conditions for three different stimuli, all based on a combination of stress, strain and 
apparent density. The parameter yfrom the relationship E = cpy is assumed to be always positive. The grey 
areas indicate stability for the uniform (‘continuous’) solution. 
uniform stability while y <m/In I. A realistic value for 
y is in the range 2-3 (Rice et al., 1988; Hodgskinson 
and Currey, 1989). For example, if y = 3 and n = 1, 
m < - 3 is required for stability in the case of the SED 
and the stress stimuli (e.g. S= U/p4 or S= a/p*). If 
1’ = 2 and n = 1 the stimuli S= CJ/p’ and S=a/p3 
would provide stability in both cases (the strain stimu- 
lus always provides uniform stability while n>O). If 
n is increased to > 1, m must also be increased in 
absolute value if stability is to be obtained for y > 2. It 
should be observed that the present wo-unit model is 
probably not a representative one to investigate the 
strain stimulus, because the basic assumption of this 
model is that E~ = &2 = E. 
The plate model 
After five increments the simulation analysis with 
5 x 5 elements (Fig. 3), started from a uniform density 
distribution, produces a configuration with a density 
distribution such that the objective function is almost 
satisfied (Fig. 9). The density distribution is precisely 
as expected [Fig. 9(a)]: an increasing density from 
right to left. All stimuli values in the sensor points are 
between 0.19 and 0.28 J g- I, which is relatively close 
to the reference value k=0.25 J g- ’ [Fig. 9(b)]. 
Nevertheless, the total objective function 0 is not 
exactly zero and convergence is not obtained as yet. 
The iterative procedure does not converge to the 
continuous end configuration, but it diverges from the 
continuous solution, which it had approached already 
so closely, until another density distribution is found 
which is not smooth, but discontinuous [Fig. 10(a)]. 
At locations where the density did not reach the upper 
boundary (1.73gcmm3) or the lower boundary 
(0.01 gcme3), the stimulus is exactly 0.25 J g- ‘, indic- 
ating that the objective, U/p= k, is satisfied [Fig. 
10(b)]. One element at the upper corner on the right 
did not converge [Fig. 10(b)] and continued to alter- 
nate its stimulus value, which is believed to be an 
insignificant phenomenon, related to the end effect of 
the mesh in combination with the small load at that 
location. The convergence of this element did im- 
prove, however, when the time step was further re- 
duced. 
With the use of higher-order elements (eight nodes 
and a quadratic displacement field), or when the 
stimulus value in the 5 x 5 mesh was sampled as the 
average from four or 16 subelements (Fig. 3), a similar 
result is found, consistently converging in a stable, 
discontinuous end configuration. Reducing the size of 
the time step further does not have any influence on 
this result, except for the alternating element in the 
upper right-hand corner. This clearly demonstrates 
again that the discontinuity does not occur because of 
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Jk 
Fig. 9. The apparent density distribution p (a) and the stimulus (strain energy per unit of bone mass), U/p 
(b) after five iterations of the remodeling process of the plate with 5 x 5 elements, with y = 2.0. The initial 
density distribution was 0.8 g cm- 3 for all elements. The reference stimulus value, k = 0.25 J g- r, is closely 
approximated by all elements, as indicated in (b). 
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Fig. 10. The apparent density distribution, p(a) and stimulus (strain energy per unit of bone mass), U/p (b) 
in the end configuration of the 5 x 5 elements plate, with y=2.0. Except for the one element in the upper 
right, all elements have reached the objective V/p =0.25 J g-r or have reached the boundary density value 
(pcb= 1.74 gcme3, or complete resorption, p=O.Ol gcn-‘). 
an imprecise stress/strain calculation in the FEM pro- model the process also converges to the continuous 
cedure, but originates in the description of the re- solution when y < 1 .O. Figure 11 shows a smooth con- 
modeling process, especially by the behavior of the tinuous end configuration with this model for y =OS. 
relation E = cpy in this process. The results of three mesh refinements, again with 
In the two-unit model it was found that for y< 1.0 y=2, are shown in Fig. 12. The end configurations 
the uniform solution was stable. For the square-plate obtained are quite remarkable. A highly ordered 
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10 N/mm2 
p in 
Fig. 11. The apparent density of the 5 x 5 elements mesh 
after remodeling with the relationship: E = 100~‘.~ (y = 0.5). 
Because the power index y is less than 1.0 the continuous 
solution has become stable. The stimulus, U/p, has reached 
exactly the reference stimulus value of 0.25 J g- ’ in all 
elements. 
structure is found in the direction of the support, 
ending in columns of a certain thickness. The general 
trend of the 5 x 5 mesh is confirmed in the more 
refined meshes. It seems that a more refined mesh is 
capable of showing more details of a repetitive com- 
position. Intermediate results during the iterative pro- 
cess did show that all simulations passed the smooth, 
continuous solution closely, just like the 5 x 5 mesh in 
Fig. 9. The results of these four simulations after 
interpolation with the postprocessor are shown in 
Fig. 13. For the coarse meshes [Fig. 13(a) and (b)] the 
interpolated result does not contain any voids. These 
were smoothed out by the post-processor. The inter- 
polated result of the most refined mesh [Fig. 13(d)] 
looks very similar to the result without interpolation 
[Fig. 12(d)]. Again, the general trends of the 40 x 40 
elements mesh [Fig. 13(d)] can be found already in 
the coarse 5 x 5 elements mesh of Fig. 13(a). 
Figure 14 shows the development of the total niass 
of the structure during the simulatioin process with 
the finest mesh [Fig. 12(d)]. This process had passed 
the smooth continuous solution closely in increment 
eight. The mass in the end configuration (from in- 
crement 40 and onwards) is approximately 20% lower 
than in increment eight. This indicates that the un- 
stable continuous solution contains more mass than 
the discontinuous end configuration, similar to the 
mass reduction found in the two-unit model. The 
stimulus values in this end configuration, however, are 
not really close to the reference stimulus k. This is 
compatible with the result of Fig. 10(b), where it was 
shown that once the density of an element has reached 
the maximum value pEb. the stimulus usually over- 
shoots the reference value. In the end configuration of 
the finest mesh [Fig. 12(d)], for example, this over- 
shoot is shown in Fig. 15. The stimulus values for 
those elements which are not resorbed are all in the 
range 0.25-0.5 J g- ‘, which is not extremely high 
relative to the reference value of 0.25 J g- ‘. 
DISCUSSION 
If we take the prediction of femoral bone morpho- 
logy in terms of density patterns, optimized according 
to the remodeling rule of equation (3), at face value 
(Fig. 5), its similarity to reality is surprisingly good, 
despite the fact that the FE model used is based on 
a number of assumptions and simplifications. The 
model is two-dimensional, the number of (static) load- 
ing cases is limited to only three, and the 
modulus-density relationship E = cp’ used is a rather 
crude approximation, with the cubic exponent prob- 
ably somewhat oo high (Rice et al., 1988). In addition, 
the choice of strain energy as the remodeling stimulus 
was more or less based on the fact that it is an easily 
interpretable physical scalar which is related to both 
stress and strain. The existence of strain energy sen- 
sors have never been documented in experiments. 
However, the similarity to reality obtained in the 
prediction seems even better than that found by 
Carter et al. (1989) and by BeauprC et al. (1990b). We 
have little doubt that this is due to the inclusion of the 
side plate in our FE model, as opposed to the model of 
these authors, and to the formulation of the remodel- 
ing rule as a time process, as opposed to Carter et al. 
(1989), since these are the only differences between our 
model and theirs. Hence, although both the stimulus 
and the remodeling rule selected are purely hypothet- 
ical, and the possibility that other stimuli or remodel- 
ing rules would work equally well cannot be dis- 
carded, the results obtained are very satisfactory. 
However, the solution process, in fact, produces a dis- 
continuous patchwork of element density values, 
whereby the similarity with the density distribution of 
the real femur is found only in the mass distribution 
over a certain region, containing at least a few ele- 
ments, which appears after interpolation by the post- 
processor. 
The analysis of the two-unit model provided an 
explanation for this behavior. It turned out that, when 
in the relation E = cpY, y > 1, the continuous solution is 
an unstable ‘saddle point’ while the stable solution is 
one in which each element ends to converge to either 
cortical bone or nothing. This explanation, suggested 
by the two-unit model, was indeed confirmed by the 
simplified plate model: taking y< 1 (y=0.5, Fig. 11) 
yields a continuous solution: taking y > 1 [y = 2. Fig. 
12(aA)] leads to a discontinuous patchwork. Evi- 
dently, a value of y < 1 seems unrealistic according to 
experimental data reported in the literature (Rice et 
al., 1988; Hodgskinson and Currey, 1988), suggesting 
a value between 2 and 3. In fact, Williams and Lewis 
(1982) reported a linear relationship between area 
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Fig. 12. Density distribution @ in g cme3) after emodeling ofthe plate problem with 5 x 5,10 x lo,20 x 20 
and 40 x 40 elements ( ensors), with y = 2.0. 
fraction and elastic modulus (hence, y x l.O), based on 
experiments with cancellous bone from the upper 
region of a tibia. However, their density range was 
quite narrow; hence, it would not be surprising if there 
is little statistical difference between a linear and 
a power fit of their data. Whether the continuous 
solution in our two-unit model is stable for y= 1.0 is 
not certain. We did find, however, that when y ap- 
proaches 1.0 from below, the ‘time to reach the con- 
tinuous solution becomes infinite. 
At this point one may ask the question whether we 
really want a continuous solution. This brings us to 
a paradox: we use a model in which a discontinuous 
structure (trabecular bone) is represented as a con- 
tinuous material, the remodeling simulatioin is ap- 
plied and the result is not, as we expect, again a con- 
tinuous material as in the original model, but rather 
a discontinuous one as in reality! Intuitively, it seems 
that one could not consider a material as continuous 
and discontinuous in one and the same analysis (Har- 
rigan et al., 1988). 
The first obvious question is whether this behavior 
is due to the FE-formulation of the model, or to the 
model of the remodeling process itself. In order to 
investigate this question, several tests were performed. 
Higher-order elements with more nodes were used 
and the mesh density was varied. The iterative feed- 
back procedure was executed per integration point, 
instead of per element, and also per group of elements. 
None of these variations would change the character- 
istics of the solution, which led us to investigate the 
simulation procedure more fundamentally in the plate 
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Fig. 13. Density distribution (p in g cm-3) after remodeling of the plate problem (~=2.0) with different 
element sizes, after interpolation with the postprocessor. 
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Fig. 14. Mass change during the remodeling process of the 
plate problem with the finest mesh [Fig. 12(d)]. The initial 
mass is indicated as 100%. The continuous solution is ap- 
proximated closely after six to ten increments. The total mass 
reduction relative to the initial situation is about 25% and 
the mass difference between the approximated continuous 
solution (eighth iteration) and discontinuous end configura- 
tion is about 20%. 
and two-unit models. We also found out that the 
effects obtained were not unique. Cowin and Nachlin- 
ger (1978) showed with a stability analysis that the 
adaptive elastic boundary-initial-value problem is, in 
principle, strongly dependent on the remodeling rate 
equation and one can easily construct a process with 
discontinuous solutions. In global FE-optimization 
studies of technical structures in the field of com- 
posite-material design (Strang and Kohn 1986; Be- 
ndsoe and Kikuchi, 1988) also discontinuous results 
were reported. Goldstein et al. (1990) used a similar 
optimization scheme to predict bone-ingrowth pat- 
terns around porous-coated implants, with similar 
results. It appeared that the optimization procedure 
preferred a geometrical solution (a discontinuous 
patch work) to a material one (a continuous solution 
of nonuniform elastic modulus distributions). 
Of course, it is possible to use additional con- 
straints for the optimization procedure, to force the 
solution towards a less discontinuous one. Although 
this is fine for optimization of engineering structures 
(Strang and Kohn, 1986), it is difficult to see what such 
a constraint would represent in terms of the biological 
process. Such a measure would, in our case, adapt the 
model to the FE-formulation instead of the opposite. 
It is quite trivial to see that if one would apply global 
optimization to the two-unit model, for example, by 
minimizing 
one obtains precisely the (stable) continuous solution 
(pr =pZ). If a similar (global) optimization scheme is 
applied to the proximal femur, the result is not a dis- 
continuous patchwork but rather a nonuniform dis- 
tribution of densities (Kuiper et al., 1991). However, 
such a global optimization scheme is not a model for 
a biological self-optimization process. 
frequency 
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Fig. 15. The distribution of the stimulus values (U/p) after 
remodeling of the plate problem with 1600 elements 
[Fig. 12(d)]. About 700 elements have become empty and 
approximately 900 elements are filled with bone, which have 
a stimulus value between one and two times the reference 
stimulus value k=0.25 J g’. 
The second question is whether we could repair the 
model in such a way that we can work with apparent 
quantities throughout the whole analysis without 
violating the concept of bone as a self-optimizing 
material while producing results of the same realistic 
quality. Candidates for repair are the stimulus charac- 
teristics, the relationship between elastic modulus and 
apparent density and the relationship between tissue- 
level quantities and apparent quantities in general. 
The analysis of the two-unit model indicated that an 
alternative choice for the stimulus would not improve 
the model in this respect. However, this simple model 
is not really suitable to investigate a strain-based 
stimulus, due to the constraint condition of equal 
strain in the two units. It would also be possible to 
assume a nonlinear instead of a linear relationship 
between stimulus and response, including, for in- 
stance, a ‘dead zone’ or a ‘lazy zone’ (Weinans et al., 
1991). Our experience with such a relationship is that 
it does attenuate the patchwork effect but does not 
prevent it. The matter of the modulus/density rela- 
tionship, the value of the exponent y, was already 
discussed above. Where the continuum assumptions, 
in general, are concerned, there are several options to 
consider. First of all, one could represent rabecular 
bone as a discontinuous structure to begin with, using 
micro-FE models of the structure itself. In that case. 
the concept of ‘internal remodeling’ could be dis- 
carded, in favor of ‘external’ or ‘surface modeling’ 
only, which would, indeed, bring us much closer to the 
biological process as it occurs in reality, but would 
also remove us far from the context of the present 
model. In other words, this would be a totally differ- 
ent ball game and, presently, rather impractical in 
view of the computer capacity it requires. Secondly. 
the directionality of the trabecular structure could be 
accounted for in apparent anisotropy of the con- 
tinuum model, in conjunction with an appropriate 
remodeling formulation. Fyhrie and Carter (1986) at- 
tempted to incorporate such a formulation, but this 
was not worked out further. Such a solution may be 
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feasible, but its formulation is not trivial, and it is 
doubtful, we believe, that it would solve the present 
problem, for reasons explained below. Then finally, 
there may be a better way to relate tissue-level quant- 
ities to apparent ones, for instance, by applying hom- 
ogenization theory (Hollister et al., 1989). Again, at 
this moment it is uncertain whether that would pro- 
duce results of a different nature. 
The possibility that a satisfactory model formula- 
tion which allows for a continuous representation of 
trabecular bone and the remodeling process can be 
found cannot be discarded at this point in time. We 
believe, however, that the results described here are 
inherent to the concept of bone as a self-optimizing 
material, rather than to the way in which this concept 
is described in a model. This concept implies that 
bone mass is regulated by multiple local units, which 
work independently. If the control mechanism in the 
simulation model is characterized by a self-enhancing 
system (a positive feedback), then the occurrence of 
discontinuities is inevitable. Since this positive feed- 
back loop is central to the concept of self-optimiza- 
tion itself, where more mass will attract more load and 
vice versa, it is difficult to see how one could get away 
from it in a model, without sacrificing this concept. 
When we consider the simulation process from an- 
other angle, we find that it is governed by a set of 
nonlinear differential equations, the number of which 
is equal to the number of elements (or sensor points). 
Such a process is liable to chaotic behavior and the 
solution may have an irregular structure, which may 
be described by a fractal (Yates, 1987; Wlczek, 1991). 
The two-unit model already clarifies that the solution 
is very susceptible to small deviations in the initial 
conditions: which one of the two elements turns 
empty depends on only virtual differences in initial 
stimulus values. When we have a complex multiple 
element (or sensor) system, the effect of this sensitivity 
multiplies and the solutions become truly chaotic. 
Strangely enough, however, when we let the proximal 
femur model of Fig. 2 remodel from totally different 
initial density distributions, obtained from stochastic 
Monte Carlo generation (Weinans et al., 1989), the 
final solutions are very similar, but not equal. Hence, 
the process seems to be. one of ordered chaos, display- 
ing self-organizational qualities towards an attractor. 
As we have seen in the plate problem, the stimulus 
values in those elements which still contain bone mass 
in the end configurations are never far removed from 
the objective k, although there is no direct constraint 
for that in the formulation. Hence, the term ‘attractor 
state’ for the end configuration of the remodeling 
simulation process seems to be right on the mark 
(Carter et al., 1989). We have also found (Weinans 
et al., 1989) that the self-organization process towards 
similar end configurations only occurs when the 
values of the physical parameters chosen are within 
particular boundaries. When we consider the two-unit 
and the plate models, we also find that the stable, 
discontinuous solutions contain more mass than the 
unstable, continuous one. Hence, minimal mass seems 
to be another (global) objective or attractor of the 
process. 
The relationship with chaotic phenomena (Yates, 
1987; Kauffman, 1986) and fractals is also suggested in
the solutions of the plate model for varying mesh 
densities (Fig. 12). Here we find the geometric struc- 
ture and self-similarity typical of a fractal (Mandel- 
brot, 1983; Bittner and Sernetz, 1990; Wlczek, 1991). 
We see that the geometric configuration converges 
when mesh density increases, but that the first coarse 
mesh [Fig. 12(a)] already holds the general features of 
the refined one [Fig. 12(d)]. It is also seen that the 
similarity between the patchwork (Fig. 12) and the 
interpolated results (Fig. 13) increases when mesh 
density increases. It is not difficult to predict what 
would happen if the mesh were further refined, using 
a thought experiment: in Fig. 12(c), for example, one 
can find a region of 5 x 5 elements, the structure of 
which is very similar to the whole of Fig. 12(a). If we 
were to refine the mesh to a total of 320 x 320 ele- 
ments, that particular area would have 40 x 40 ele- 
ments, as in the total mesh of Fig. 12(d). In the same 
way that the configuration of Fig. 12(a) develops into 
the one of Figure 12(d), our particular area would 
develop in a structure similar to the whole of 
Fig. 12(d). Hence, when mesh density is increased, 
more self-similarity will be seen, a larger part of the 
structure will have developed into the discontinuous 
patchwork, by which is meant that the solution be- 
comes independent of the size of the element. The 
validity of the FE-representation of such a structure 
depends on the mesh refinement per strut. Since bi- 
linear elements are used, at least two elements over 
the thickness of a strut are required to obtain a reas- 
onable interpretation of the stress field in the strut. It 
is also demonstrated that a relatively coarse mesh 
cannot predict the morphology in detail; however, it 
can represent he mass distribution over large areas 
reasonably well. Hence, there is no reason to dismiss 
the theory as applied to the proximal femur as invalid 
or useless. 
Our little thought experiment signifies that mesh 
refinement produces a fractal-like self-similar trabecu- 
lar structure, of which the FE-description would be 
a valid one, apart from a small region close to the 
boundary. This small region would approach a zero 
thickness when the number of elements approaches 
infinity. It is intuitively obvious that for an adequately 
refined mesh, in which the dependence of element 
dimensions is restricted to small parts only, the geo- 
metric characteristics of the solution would depend 
only on the characteristics of the loads, the value of 
the objective k and the maximal attainable trabecular 
elastic modulus (hence, the maximal trabecular den- 
sity, or rather the degree of mineralization). This 
brings us to a whole new interpretation of the plate 
analysis. Let us assume that we apply the continuum 
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assumption on a lower level, that of the trabecular 
tissue. Replacing the apparent density p by the tissue 
density p, (degree of mineralization), the apparent 
SED U by the tissue SED U, (and S by S,), and 
requiring that, starting from a uniform density do- 
main, each sensor point (or element) organizes its own 
mineralization p, between zero and a maximum, we 
have an analogous problem description as in the plate 
model. Since Currey (1988) showed that E, =c’pf, 
where y x 3 (hence, y > l), we will also find a similar 
(patchy) solution. Those who might argue that 
S, = V,/p, = constant would not be a sensible criterion 
in this case are free to substitute S,= U,=constant as 
the optimization goal: as shown here the result would 
not be principally different; a trabecular-like structure 
would result. As long as the mesh would be fine 
enough, i.e. more than two elements over the width of 
the struts that would emerge (for instance, more ele- 
ments per sensor point), the FEM would be a reason- 
able accurate description of this discontinuous tra- 
becular structure. Evidently, the precise morphology 
and dimensional characteristics of the emerging tra- 
becular-like structure depends only on the character- 
istics of the load, the maximal tissue mineralization 
(or rather the maximal value of pt), the value of k and 
on the sensor density. This is a thought worth contem- 
plating. It means that the assumption of bone as 
a self-optimizing material, made operational in a com- 
puter-simulation model, produces precisely what we 
have: a discontinuous, trabecular structure. This idea 
is, in fact, not so different from some of the original 
thoughts of Roux (188 1) and Wolff (1892), as indicated 
by the following citation of Wolff: ‘ . . . alterations of 
the internal structure clearly observed and following 
mathematical rules, as well as secondary alterations of 
the external form of bones following the same math- 
ematical rules, . ‘. The basic concept of self-optim- 
ization was already indicated by Roux, who called it 
‘direct functional self-shaping’ (as cited by Wolff, 
1892). The principle of this concept was explained by 
Roux as a struggle of the elements: ‘The cells compete 
with each other, the tissues made of these cells com- 
pete, the organs made of these tissues compete and the 
groups of organs compete.‘, and ‘A functional struc- 
ture develops as a consequence of the victory of the 
most qualified elements, . .‘. Roux believed that these 
victory elements become a bony trabeculae which 
unloads its immediate surrounding. 
Based on these results and reflections, we hypothe- 
size (i) that bone is indeed a self-optimizing material 
which produces a self-similar trabecular morphology, 
a fractal, in a chaotic process of self-organization, 
whereby uniform SED per unit mass, or a similar 
mechanical signal, is an attractor, (ii) that the mor- 
phology has qualities of minimal weight, and (iii) that 
its morphological and dimensional characteristics de- 
pend on the local loading characteristics, the maximal 
degree of mineralization, the sensor density and on 
the attractor value. This implies that all characteristic 
morphological differences between location and spe- 
cies could be explained by a variation in the above- 
mentioned parameters. 
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APPENDIX 
T’he general feedback equation for the two-unit model is 
(9) 
With a set of initial conditions for pi this differential equation 
can oe solved. From 
p , 
~l=E2=~=A(EI+Ez)9 (10) 
with A the area of cross section (Fig. 4), 
E,=cp{ and E,=cp$, 
it follows that 
(11) 
P 
e= AC@‘; +p$)’ 
(12) 
Additionally, 
so 
U,= 
PIP2 and UZ= P%P2 _ 
2A2 c(p’i +p$)’ ~A*c(PI+PV 
* (13) 
If pt and p2 are equal by definition (both sensors are 
coupled in that case) we can write for the equilibrium solu- 
tion p.. 
Ul u2 ue 
Pe=P,=P2=k=k=k. 
With equation (13) this leads to 
PZ 
[ 1 
I/0+1) 
pe== 
This gives 
P2 
u.=- 
8A2cp : 
(15) 
and the remodeling mechanism always leads to the equilib- 
rium solution pc as given in equation (14). Because atoo high 
value for p @ > p.) is always corrected adequately by a SED 
U < U,; so U/p in equation (9) is in that case always smaller 
than S whereby dp/dt becomes negative. In the same man- 
ner, a too small density always leads to a positive value of 
dp/dt , whereby again the appropriate correction is given. In 
case both sensors are noU)t coupled and behave independently, 
it is difficult to determine the analytical solution. The ‘op- 
timal solution’, however, is recognized as the uniform solu- 
tion: p, =pz =p.. Hence, dp/dt is exactly zero for both unit 
1 and 2. The stability of this solution can be analyzed by 
determination of the linearized set of differential equations 
around pi=pc [the linearized stability, Strang (1986)]. The 
coefficient matrix C of the linearized system (dp,/dt = C,p,) 
is grven by 
c= 
dF, dF, YBPZ -y-2 
‘?F, aF, ah apI 
8A2CP 
- 
aP, ah The matrix from equation (16) yields, therefore; 
3F2 aF, 
(16) 
- 
.dp, ah I c= _Bp2 o-Y- 1 i‘ [ 1 8ALc’ 
8A’c ’ minant of matrix C should be positive, so 1 - yz > 0.0 
